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Ulvnohvv yhuvxv Ulvn| Edujdlqlqj Surfhgxuhv= wkh
Dxpdqq0Urwk Frqwuryhuv| Uhylvlwhg
Pduld PrqwhurWdqg Dnlud Rndgd_
Qryhpehu 4</ 5334
Devwudfw
Lq d vhulhv ri sdshuv rq wkh Vkdsoh| QWX ydoxh/ Dxpdqq dqg Urwk
glvfxvvhg d vlpsoh h{dpsoh lq zklfk sod|huv fdq frrshudwh lq sdluv dqg
d sdlu ri sod|huv suhihuv wr irup d frdolwlrq zlwk hdfk rwkhu udwkhu wkdq
zlwk wkh wklug sod|hu1 Urwk dujxhg wkdw wkh rqo| udwlrqdo rxwfrph ri
wkh jdph lv wkdw wkh sod|huv zkr suhihu hdfk rwkhu irup d frdolwlrq> Dx0
pdqq dujxhg wkdw doo wkuhh frdolwlrqv duh srvvleoh ehfdxvh wkh sod|huv
kdyh d sureohp ri h{shfwdwlrq frruglqdwlrq1 Zh pdnh d qrqfrrshu0
dwlyh dqdo|vlv ri wkh h{dpsoh dqg vkrz wkdw wkh glhuhqfh ehwzhhq
Dxpdqq*v dqg Urwk*v dujxphqwv fdq eh wudfhg edfn wr d glhuhqfh lq
wkh edujdlqlqj surfhgxuh1 Lq wkh xqlhg iudphzrun ri wkh h{whqvlrqv
ri Uxelqvwhlq*v dowhuqdwlqj0rhuv surfhgxuh/ wkhuh lv d vdih surfhgxuh
wkdw vxssruwv Urwk*v dujxphqwv dqg d ulvn| surfhgxuh wkdw vxssruwv
Dxpdqq*v dujxphqwv1 Qhlwkhu edujdlqlqj surfhgxuh vxssruwv wkh QWX
ydoxh lq dqrwkhu h{dpsoh sursrvhg e| Vkdihu1
4 Wkh Dxpdqq0Urwk Frqwuryhuv|
Lq d vhulhv ri sdshuv wkdw dsshduhg lq Hfrqrphwulfd gxulqj wkh ;3v/ Dxpdqq
dqg Urwk glvfxvvhg wkh sudfwlfdo dssolfdelolw| ri wkh Vkdsoh| +4<9<, QWX
ydoxh ru 0wudqvihu ydoxh1 Wkh frqwuryhuv| zdv fhqwhuhg durxqg wkh iroorzlqj
vlpsoh h{dpsoh=
WXqlyhuvlw| ri Gruwpxqg/ Ghsduwphqw ri Hfrqrplfv/ Yrjhosrwkvzhj ;:/ 77554 Gruw0
pxqg +Jhupdq|,> h0pdlo= pduld1prqwhurCzlvr1xql0gruwpxqg1gh1
_Lqvwlwxwh ri Hfrqrplf Uhvhdufk/ N|rwr Xqlyhuvlw|/ Vdn|r/ N|rwr 9390;834 +Mdsdq,>
h0pdlo= rndgdCnlhu1n|rwr0x1df1ms1
4
Wkhuh duh wkuhh sod|huv/ Q @ i4> 5> 6j1 Li 4 dqg 5 irup d frdolwlrq hdfk
ri wkhp jhwv 
2
/ zkhuhdv li dq| ri wkhp irupv d frdolwlrq zlwk sod|hu 6 wkh
glylvlrq lv +s> 4s, zlwk 3  s ? 
2
1 E| fkrrvlqj d sdlu ri sod|huv dw udqgrp/





> 3,/ +s> 3> 4 s, dqg +3> s> 4 s,1
Urwk*v +4<;3, srlqw zdv wkdw wkh rqo| rxwfrph frqvlvwhqw zlwk udwlrqdolw|





Wklv lv ehfdxvh/ zkhq s ? 
2




> 3, lv vwulfwo|
suhihuuhg e| erwk sod|huv 4 dqg 5 wr hyhu| rwkhu ihdvleoh rxwfrph/
dqg ehfdxvh wkh uxohv ri wkh jdph shuplw sod|huv 4 dqg 5 wr
dfklhyh wklv rxwfrph zlwkrxw wkh frrshudwlrq ri sod|hu 61 Vr
+111, wkhuh lv uhdoo| qr frq lfw ehwzhhq sod|huv 4 dqg 51
Vroxwlrq frqfhswv olnh wkh fruh dqg wkh yrq Qhxpdqq dqg Prujhqvwhuq
vroxwlrq/ edvhg rq wkh frqfhsw ri grplqdwlrq/ pdnh wkh vdph suhglfwlrq dv











> 3, lv dovr dq QWX ydoxh,1
Urwk*v h{dpsoh fdq eh lqwhusuhwhg lq wkh frqwh{w ri jryhuqphqw irupd0
wlrq +vhh Dxpdqq +4<;9,,1 Vxssrvh wkhuh duh wkuhh sduwlhv lq d Sduoldphqw









dqg 5 duh vpdoo sduwlhv +s ? 
2
, exw dq| wzr sduwlhv kdyh d pdmrulw| lq
Sduoldphqw/ wkdw lv/ 5s A nR
2
/ ru s A 

1 Vxssrvh wkdw/ li dq| wzr sduwlhv
irup d jryhuqphqw/ wkh| kdyh wr vsolw wkh sd|r lq d zd| sursruwlrqdo wr
wkh qxpehu ri vhdwv1 Wkhq wklv jdph lv htxlydohqw wr Urwk*v h{dpsoh/ zlwk
wkh dgglwlrqdo uhvwulfwlrq wkdw s A 

1 Wkh suhglfwlrq ri Urwk zrxog wkhq eh
wkdw wkh wzr vpdoohu sduwlhv irup wkh jryhuqphqw/ zkhuhdv wkh odujhvw sduw|
+l1h1/ wkh sduw| wkdw kdv zrq wkh hohfwlrq/ wkrxjk rqo| zlwk vlpsoh pdmrulw|,
lv h{foxghg1 Wklv skhqrphqrq lv nqrzq dv vwuhqjwk lv zhdnqhvv dqg zdv
hduo| uhfrjql}hg e| Fdsorz +4<89, dqg Jdpvrq +4<94d, dqg revhuyhg lq
h{shulphqwv15
4Qrwlfh wkdw Urwk*v frqfoxvlrq lv edvhg rq wkh idfw wkdw erwk sod|huv djuhh rq wkhlu
prvw suhihuuhg rxwfrph1 Wklv frqglwlrq lv pxfk pruh ghpdqglqj wkdq wkh ghqlwlrq ri
hlwkhu wkh fruh ru d yQP vroxwlrq/ dqg lq idfw lw lv qhyhu vdwlvhg lq WX jdphv1
5Vhh h1j1 Ylqdfnh dqg Dunr +4<8:,/ Jdpvrq +4<94e, dqg Pxuqljkdq +4<:;,1 Sd|r
glylvlrq lq wkrvh h{shulphqwv zdv hqgrjhqrxv/ vr wkdw wkhuh zhuh uhdoo| wzr lvvxhv dw
vwdnh= wkh uxoh ri sd|r glylvlrq +frqmhfwxuhg wr eh sursruwlrqdo wr vrph hqgrzphqwv ri
wkh sod|huv, dqg frdolwlrq irupdwlrq jlyhq wklv uxoh1
5




> 3, zloo qrw qhfhvvdulo| eh wkh rxwfrph/
ehfdxvh sod|huv 4 dqg 5 pd| dffhsw dq rhu iurp sod|hu 6 rxw ri vhfxulw|
frqvlghudwlrqv1
Vxssrvh wkh sod|huv dqg wkh uxohv kdyh mxvw ehhq dqqrxqfhg rq
whohylvlrq1 Wkh dprxqw 4 wr eh vkduhg pd| eh idluo| odujh/ vr wkh
sod|huv duh udwkhu h{flwhg1 Vxgghqo| wkh skrqh ulqjv lq 4*v krph>
6 lv rq wkh olqh zlwk dq rhu1 Dw uvw 4 lv whpswhg wr glvplvv lw1
Exw wkhq kh uhdol}hv wkdw li kh grhv vr/ dqg li 6 pdqdjhv wr jhw
lq wrxfk zlwk 5 ehiruh kh +4, grhv/ wkhq kh zrq*w jhw dq|wklqj
dw doo rxw ri wkh jdph/ xqohvv 5 dovr uhmhfwv 6*v rhu1 Exw zdlw
d plqxwh/ 4 vd|v qrz wr klpvhoi> 5 zloo rqo| uhmhfw 6*v rhu li
kh wklqnv wkdw L zloo uhmhfw lw1 Zkhq kh jhwv 6*v skrqh fdoo/ kh
zloo jr wkurxjk wkh djrql}lqj wkdw L dp jrlqj wkurxjk qrz/ dqg
zloo uhdol}h wkdw lq wklv vlwxdwlrq L zrxog dovr djrql}h1 +111, L*p
ehjlqqlqj qrw wr olnh wklv rqh elw1
Sod|huv 4 dqg 5 kdyh wr vroyh dq h{shfwdwlrqv frruglqdwlrq sureohp= li 5
zrxog uhixvh wkh rhu iurp 6/ lw lv rswlpdo iru 4 wr uhixvh lw wrr> li 5 zrxog
dffhsw wkh rhu iurp 6/ lw pd| eh rswlpdo iru sod|hu 4 wr dffhsw/ vlqfh wkhuh
lv d ulvn wkdw kh zloo jhw qrwklqj rwkhuzlvh1
Frpphqwlqj rq Urwk*v sdshu/ Kduvdq|l +4<;3, sursrvhv wr ghqh wkh
vroxwlrqv iru frrshudwlyh jdphv e| phdqv ri vxlwdeoh edujdlqlqj prghov/
kdylqj wkh qdwxuh ri qrqfrrshudwlyh jdphv lq h{whqvlyh +ru vrphwlphv lq
qrupdo, irup> wklv dssurdfk lv lq olqh zlwk wkh Qdvk +4<86, surjudp1 Dx0
pdqq +4<;8, vwxglhg vrph qrqfrrshudwlyh prghov dqg vkrzhg wkdw frdolwlrq
i4> 5j lv qrw wkh rqo| rxwfrph frqvlvwhqw zlwk udwlrqdolw|1 Lq wkh uvw ri wkh
qrqfrrshudwlyh prghov d sod|hu l lv slfnhg dw udqgrp wr eh wkh sursrvhu1
Wklv sod|hu fkrrvhv dqrwkhu sod|hu m dqg pdnhv klp dq rhu1 Li m uhmhfwv/
l pdnhv dq rhu wr n> exw n grhv qrw nqrz ri wkh suhylrxv rhu wr m1 Li n
dovr uhmhfwv/ frdolwlrq im> nj irupv1 Lq wkh vhfrqg qrqfrrshudwlyh prgho/ wkh
wkuhh sdluv ri sod|huv duh rughuhg dw udqgrp dqg jlyhq wkh rssruwxqlw| wr
djuhh> wkh uvw sdlu wkdw grhv vr irupv d frdolwlrq/ dqg li qr sdlu djuhhv wkh|
doo jhw }hur1 Sod|huv duh rqo| lqiruphg ri sursrvdov lqyroylqj wkhp1
Wkhuh duh wzr htxloleuld ri wkh uvw prgho/ glhulqj rq zkdw kdsshqv
zkhq sod|hu 6 lv vhohfwhg wr eh wkh sursrvhu= lq rqh ri wkhp erwk 4 dqg 5
dffhsw 6*v rhu dqg lq wkh rwkhu erwk uhmhfw1 Wkh vhfrqg prgho dovr dgplwv
6
wzr +shuihfw, htxloleuld li s lv odujh hqrxjk= rqh lq zklfk i4> 5j lv wkh rqo|
sdlu wkdw irupv dqg rwkhu lq zklfk wkh uvw vhohfwhg sdlu irupv1 Wkh uhdvrq
zk| s qhhgv wr eh odujh hqrxjk lv wkdw/ iru d vpdoo s/ sod|hu 4 ru 5 zrxog
suhihu qrw wr djuhh zlwk 6 dqg jdpeoh rq wkh srvvlelolw| wkdw wkh sdlu i4> 5j
zloo eh vhohfwhg qh{w1
Qrwlfh wkdw zlwk shuihfw lqirupdwlrq rqo| frdolwlrq i4> 5j zrxog irup1
Pruh jhqhudoo|/ lq jdphv zlwk d qlwh krul}rq wkh glhuhqfh ehwzhhq Dx0
pdqq*v dqg Urwk*v suhglfwlrqv fdq eh wudfhg wr d glhuhqfh ehwzhhq shuihfw
lqirupdwlrq dqg lpshuihfw lqirupdwlrq +vhh Dxpdqq +4<;8,/ irrwqrwh 4;,1
Rqh pd| dujxh wkdw frrshudwlyh jdph wkhru| suhvxphv wkdw doo sod|huv qhjr0
wldwh lq sxeolf1 Ixuwkhupruh/ lqqlwh0krul}rq jdphv vhhp pruh lq olqh zlwk
frrshudwlyh jdph wkhru|1 Zh zloo frqvlghu dq lqqlwh0krul}rq qrqfrrshud0
wlyh jdph zlwk shuihfw lqirupdwlrq dqg vkrz wkdw wkh glhuhqw suhglfwlrqv
fdq dovr eh wudfhg wr d glhuhqfh ehwzhhq ulvn| dqg vdih edujdlqlqj surfh0
gxuhv1
5 Ulvnohvv yhuvxv Ulvn| Edujdlqlqj
Zh duh jrlqj wr dssurdfk Urwk*v h{dpsoh lq wkh frqwh{w ri d qrqfrrshudwlyh
prgho d od Uxelqvwhlq +4<;5,1 Zh zloo frqvlghu wzr yduldqwv ri wkh prgho=
wkh ulvnohvv yduldqw dqg wkh ulvn| yduldqw1
Wkh ulvnohvv yduldqw xvhv dq rughulqj ri wkh sod|huv > zh zloo uhihu wr 
dv wkh uxoh ri rughu1 Wkh ulvn| yduldqw xvhv d suredelolw| yhfwru  5 U? zlwk
 A 3 iru doo l dqg
S
M
 @ 4> zh zloo uhihu wr  dv wkh surwrfro1
Ohw +Q>Y , eh dq QWX jdph1 Jlyhq d uxoh ri rughu ru d surwrfro/ edu0
jdlqlqj surfhhgv dv iroorzv= d sod|hu lv vhohfwhg dffruglqj wr hlwkhu wkh uxoh
ri rughu ru wkh surwrfro1 Wklv sod|hu hlwkhu irupv d vlqjohwrq ru sursrvhv d
frdolwlrq V dqg d ihdvleoh sd|r yhfwru { 5 Y +V,1 Wkh uhpdlqlqj sod|huv lq
V dffhsw ru uhmhfw vhtxhqwldoo| +lq wkh ulvnohvv yduldqw/ wkh rughu ri uhvsrqvh
iroorzv wkh uxoh ri rughu> lq wkh ulvn| yduldqw/ wkh rughu ri uhvsrqvh lv lu0
uhohydqw,1 Li wkh sursrvdo lv dffhswhg e| doo sod|huv lq V/ lw lv lpsohphqwhg
dqg edujdlqlqj frqwlqxhv zlwk wkh sod|huv lq QqV +zlwk wkh uxoh ri rughu ru
wkh surwrfro dgmxvwhg lq dq dssursuldwh zd|,1 Li uhmhfwhg/ d qhz sursrvhu
lv vhohfwhg1 Wklv lv wkh srlqw zkhuh wkh hvvhqwldo glhuhqfh ehwzhhq ulvnohvv
dqg ulvn| edujdlqlqj surfhgxuhv olhv= lq wkh ulvnohvv yduldqw/ wkh uvw sod|hu
wr uhmhfw wkh sursrvdo dxwrpdwlfdoo| ehfrphv wkh qh{w sursrvhu> lq wkh ulvn|
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yduldqw/ wkh qh{w sursrvhu lv udqgrpo| vhohfwhg dffruglqj wr 16 Sod|huv zkr
frqwlqxh edujdlqlqj iru hyhu jhw }hur sd|rv1
Jlyhq d vwudwhj| frpelqdwlrq/ zh zloo ghqrwh sod|hu l*v h{shfwhg sd|rv
dw wkh ehjlqqlqj ri wkh jdph e| |/ dqg klv frqwlqxdwlrq ydoxh 0 wkdw lv/ klv
h{shfwhg sd|r dw d qrgh zkhuh kh uhfhlyhv d sursrvdo dqg uhmhfwv lw 0 e|
}1 Zklfk vwudwhj| frpelqdwlrq dqg zklfk qrgh zh duh uhihuulqj wr zloo eh
fohdu iurp wkh frqwh{w1
Zh qrz vkrz krz wkh wzr yduldqwv ri wkh prgho glhu lq wkhlu suhglfwlrqv
iru Urwk*v h{dpsoh1 Lq rughu wr kdyh dv olwwoh iulfwlrq dv srvvleoh zh gr qrw
lqwurgxfh glvfrxqwlqj lq wkh prgho/ exw iru vlpsolflw| zh zloo dvvxph wkdw
sod|huv euhdn wlhv lq idyru ri dq hduo| djuhhphqw1
Vlqfh sod|huv 4 dqg 5 duh v|pphwulf/ zh zloo dvvxph  @ 21 Wkhuh duh











zlwk wkh lqwhusuhwdwlrq ri wkh sod|huv dv wkuhh sduwlhv lq sduoldphqw,1
Fodlp 4 Wkh jdph zlwk d uxoh ri rughu kdv d xqltxh vxejdph shuihfw htxl0
oleulxp lq zklfk frdolwlrq i4> 5j dozd|v irupv1
Surri1 Li wkh uxoh ri rughu vhohfwv hlwkhu sod|hu 4 ru 5 wr eh wkh sursrvhu/
kh zloo sursrvh frdolwlrq i4> 5j dqg wklv sursrvdo zloo eh dffhswhg/ vlqfh qrqh
ri wkh wzr sod|huv fdq srvvleo| jhw d kljkhu sd|r iurp wkh jdph dqg sod|huv
vroyh wlhv lq idyru ri lpphgldwh djuhhphqw1 Wklv lpsolhv wkdw hdfk sod|hu*v
frqwlqxdwlrq ydoxh htxdov 
2
1
Vxssrvh wkdw wkh uxoh ri rughu vhohfwv sod|hu 6 wr eh sursrvhu1 Li kh




1 Sod|hu 4 fdq frqghqwo| uhmhfw wkh sursrvdo dqg wkhq sursrvh wr






> 3,/ exw wklv dowhuqdwlyh lpsolhv lq sudfwlfh wkdw frdolwlrq
i4> 5j irupv1
Wklqjv duh qrw vr vlpsoh lq wkh jdph zlwk udqgrp sursrvhuv1 Ehfdxvh
wkh sursrvhu lv udqgrpo| vhohfwhg diwhu d sursrvdo kdv ehhq uhmhfwhg/ wkh
frqwlqxdwlrq ydoxhv ri sod|huv 4 dqg 5 ghshqg rq wkh vwudwhjlhv ri doo wkuhh
sod|huv1 Lq htxloleulxp/ wkh frqwlqxdwlrq ydoxhv pxvw eh frqvlvwhqw zlwk wkh
6
Wkh yduldqw zlwk d uxoh ri rughu kdv ehhq vwxglhg e| Vhowhq +4<;4,/ Fkdwwhumhh hw do1
+4<<6,/ dqg Progrydqx dqg Zlqwhu +4<<8,1 Wkh yduldqw zlwk udqgrp sursrvhuv kdv ehhq
vwxglhg e| Rndgd +4<<9,1
8
vwudwhjlhv ri wkh wkuhh sod|huv dqg wkh vwudwhjlhv pxvw eh rswlpdo jlyhq wkh
frqwlqxdwlrq ydoxhv1
Fodlp 5 Iru dq| surwrfro / wkh jdph zlwk udqgrp sursrvhuv kdv d vxejdph
shuihfw htxloleulxp lq zklfk frdolwlrq i4> 5j dozd|v irupv1
Surri1 Li doo sursrvdov iurp sod|hu 6 duh uhmhfwhg +h{fhsw wkh sursrvdo




> 3,,/ sod|huv 4 dqg 5 kdyh d frqwlqxdwlrq
sd|r ri 
2
/ dqg hdfk ri wkhp lv mxvwlhg lq uhmhfwlqj dq| sursrvdov ri sod|hu





Ghshqglqj rq wkh sdudphwhuv/ wkhuh pd| eh pruh htxloleuld1
Fodlp 6 Li s lv odujh hqrxjk/ wkh jdph zlwk udqgrp sursrvhuv kdv vxejdph





Surri1 Dv lq wkh jdph zlwk d uxoh ri rughu/ li sod|hu l 5 i4> 5j lv vhohfwhg
wr eh wkh sursrvhu kh dozd|v sursrvhv frdolwlrq i4> 5j dqg wklv sursrvdo





> 3,/ wklv phdqv wkdw dw vrph qrgh rq wkh htxloleulxp sdwk sursrvdov e|





duh dffhswhg1 Zh frqfhqwudwh rq htxloleuld lq zklfk sod|hu 6 fdq pdnh
dffhswdeoh sursrvdov douhdg| dw urxqg 41 Zh zloo rqo| frqvlghu sursrvdov
iru d wzr0sod|hu frdolwlrq +lw fdq eh fkhfnhg wkdw sod|hu 6 fdqqrw pdnh dq






Sod|hu 6 fdq rqo| pdnh dffhswdeoh sursrvdov li |2  s1 Li | A s  |2/
wkhq sod|hu 6 dozd|v sursrvhv frdolwlrq i5> 6j dqg wklv sursrvdo lv dffhswhg1
Exw wkhq | @ +4  ,

2
? |2 @ +4  ,

2
. s/ d frqwudglfwlrq1 Wkxv/ lw
pxvw eh wkh fdvh wkdw |  s1
Ohw  eh wkh suredelolw| wkdw sod|hu 6 sursrvhv wr sod|hu l +.2 @ 4,1
Wkhq
| @ +4 ,
4
5
. s> l @ 4> 5
| @ +4 s,=
Lq rughu iru wklv vwudwhj| frpelqdwlrq wr eh dq htxloleulxp zh qhhg
|  s/ l @ 4> 51 Iru wkh prvw idyrxudeoh fdvh + @ 2 @

2







Wkh odujhu / wkh ohvv ghpdqglqj wklv frqglwlrq1 Li zh lqwhusuhw wkh
jdph dv d jryhuqphqw irupdwlrq jdph +wkxv s A , wklv frqglwlrq lv dozd|v
vdwlvhg e| wkh sursruwlrqdo surwrfro1 Iru wkh hjdolwduldq surwrfro lw lv
vdwlvhg surylghg wkdw s  2D 1
Wkh uhvxowv ri wkh jdph zlwk udqgrp sursrvhuv ylqglfdwh Dxpdqq*v
dujxphqwv1 Gr wkh| dovr ylqglfdwh wkh QWX ydoxhB 7














, exw lw grhv qrw kdyh




nR > rqo| iru s @

 lw zrxog eh
wkh sursruwlrqdo surwrfro exw wkhq wkh srolwlfdo lqwhusuhwdwlrq lv qrw ydolg
ehfdxvh lw qhhgv s A ,1
6 Vkdihu*v h{dpsoh
Vkdihu +4<;3, sursrvhv dqrwkhu h{dpsoh zkhuh wkh QWX ydoxh pdnhv dq
xqlqwxlwlyh suhglfwlrq1 Qhlwkhu ri wkh wzr qrqfrrshudwlyh prghov zh kdyh
frqvlghuhg vxssruwv wkh QWX ydoxh iru wklv h{dpsoh1
Frqvlghu dq h{fkdqjh hfrqrp| zlwk wzr djhqwv dqg wkuhh jrrgv1 Lqlwldo
hqgrzphqwv duh z @ +4> 3,/ z2 @ +3> 4,/ dqg z @ +3> 3,= Xwlolw| ixqfwlrqv
duh x+|> }, @ plq+|> }, iru sod|huv 4 dqg 5/ dqg x+|> }, @ +n52 iru sod|hu 61
Wkh dvvrfldwhg frrshudwlyh jdph kdv Y +l, @ 3 iru doo l/ Y +4> 5, @ i+{> {2, =
+{> {2,  +4> 4,/ {.{2  4j/ Y +l> 6, @ i+{> {, = +{> {,  +3>

2,j/ l @ 4> 5/
Y +Q, @ i+{> {2> {, = +{> {2> {,  +4> 4> 4,/ { . {2 . {  4j1
Wkh QWX ydoxh dvvljqv S wr sod|hu 6/ hyhq wkrxjk kh grhv qrw kdyh dq|











uhpdlqv dq QWX ydoxh iru R 	 f1 Lq wklv fdvh/ qhlwkhu wkh udqgrp
sursrvhuv jdph qru Dxpdqq*v edujdlqlqj surfhgxuhv ohdg wr srvlwlyh h{shfwhg sd|rv iru
sod|hu 1 Dxpdqq +4<;9, fodlpv wkdw wkh fdvh ri R 	 f lv sdwkrorjlfdo/ dqg vkrxog eh
lqwhusuhwhg dv T Ec  ' T E2c  ' Efc f
:
Fodlp 8 Iru wkh surfhgxuh zlwk d uxoh ri rughu/ dq| glylvlrq ri wkh ydoxh
ri wkh judqg frdolwlrq fdq eh vxssruwhg e| d vxejdph shuihfw htxloleulxp1
Surri1 Wkhuh lv d frqwlqxxp ri vwdwlrqdu| htxloleuld zlwk } . }2 @ 4/
}  3 iru doo l +vhh Vhowhq +4<;4,,1 Wklv idfw fdq eh xvhg wr vxssruw dq| glyl0
vlrq ri wkh ydoxh ri wkh judqg frdolwlrq e| wuljjhu vwudwhjlhv1 Jlyhq d glylvlrq




frqvlghu wkh iroorzlqj vwudwhjlhv= doo sod|huv sursrvh wkh judqg frdolwlrq zlwk
sd|r glylvlrq +},M dqg dffhsw dq| sursrvdo wr irup wkh judqg frdolwlrq
wkdw jlyhv wkhp dw ohdvw }1 Sod|hu 6 dffhswv dq| sursrvdo wkdw jlyhv klp
dw ohdvw }1 Dv iru sod|huv 4 dqg 5/ wkh| gr qrw dffhsw dq| rhu wr irup
frdolwlrqv rwkhu wkdq wkh judqg frdolwlrq xqohvv wkh| jhw d sd|r ri 4> wkh
uhdvrq lv wkdw diwhu d uhmhfwlrq sod|huv sod| wkh vwdwlrqdu| htxloleulxp lq
zklfk wkh sod|hu zkr uhmhfwhg wkh rhu jhwv 41
Wkxv/ wkh QWX ydoxh fdq eh vxssruwhg e| d vxejdph shuihfw htxloleulxp>






, sod|v qr vshfldo uroh dqg fodlp 8 krogv hyhq li





Fodlp 9 Lq dq| vwdwlrqdu| vxejdph shuihfw htxloleulxp } . }2  4/ dqg




Surri1 Vlqfh 4 fdq sursrvh wr 5/ }  4 }2/ wkxv/ } . }2  41 Li erwk




Fodlp : Li sod|huv glvfrxqw ixwxuh sd|rv dqg  lv forvh wr 4/ h{shfwhg





Surri1 Li sod|huv glvfrxqw ixwxuh sd|rv sod|hu 6 zloo kdyh d srvlwlyh




zkhq  lv forvh wr 4/ } +dqg |, lv forvh wr 3=
Dv iru wkh surfhgxuh zlwk udqgrp sursrvhuv/ wkhuh duh vlplodu uhvxowv
surylghg wkdw / 2 A 31 Dq| glylvlrq ri wkh sd|r ri wkh judqg frdolwlrq
lv vxssruwhg e| d vxejdph shuihfw htxloleulxp> uhvwulfwlrq wr vwdwlrqdu|
htxloleuld lpsolhv wkdw h{shfwhg sd|rv vdwlvi| | A 3 iru l @ 4> 5/ |2.| @ 4/
| @ 31 Wkxv/ lq wkh jdph zlwk udqgrp sursrvhuv/ vwdwlrqdulw| dorqh lv
hqrxjk wr h{foxgh sod|hu 6 kdylqj d srvlwlyh sd|r1 Li pruhryhu  @ 2







Ri frxuvh/ lw lv qrw wr eh h{shfwhg iurp wklv vruw ri edujdlqlqj prgho
wr vxssruw wkh Vkdsoh| ydoxh lq jhqhudo/ vlqfh doo frdolwlrqv dsshdu lq wkh
Vkdsoh| ydoxh dqg rqo| vrph frdolwlrqv +wkh rqhv wkdw irup zlwk srvlwlyh
suredelolw|, sod| d uroh lq wkh qrqfrrshudwlyh jdph1 Krzhyhu/ txdolwdwlyh
vxssruw zrxog kdyh ehhq irxqg li wkh sod|hu zlwk qr hqgrzphqw kdg uhfhlyhg
d srvlwlyh sd|r1
7 Frqfoxvlrq
Zh kdyh vkrzq wkdw wkh glhuhqw suhglfwlrqv pdgh e| Dxpdqq dqg Urwk lq
Urwk*v h{dpsoh fdq eh lqwhusuhwhg dv frplqj iurp glhuhqw edujdlqlqj sur0
fhgxuhv1 Wkh vdih edujdlqlqj surfhgxuh vxssruwv Urwk*v dujxphqwv/ zkhuhdv
wkh ulvn| edujdlqlqj surfhgxuh vxssruwv Dxpdqq*v dujxphqwv1 Wkh vdih edu0
jdlqlqj surfhgxuh dvvxphv dzd| wkh sureohp ri h{shfwdwlrq frruglqdwlrq1
Zh eholhyh wkdw wklv sureohp lv lpsruwdqw lq sudfwlfh1 Wkh udqgrp sursrvhu
prgho fdswxuhv dq lpsruwdqw dvshfw ri edujdlqlqj lq uhdo vlwxdwlrqv/ qdpho|
wkdw li sod|huv uhmhfw sursrvdov iurp rwkhuv wkh| fdqqrw eh vxuh wr eh wkh
uvw wr pdnh d frxqwhusursrvdo/ dqg wkxv idfh d ulvn ri ehlqj h{foxghg iurp
d frdolwlrq1 Wkh qrqfrrshudwlyh dssurdfk lv riwhq fulwlfl}hg ehfdxvh wkh
htxloleulxp lv wrr vhqvlwlyh wr wkh ghwdlov ri wkh edujdlqlqj surfhgxuhv1 Zh
eholhyh wkdw wklv glhuhqfh ehwzhhq wkh wzr edujdlqlqj surfhgxuhv lv ixq0
gdphqwdo dqg vkrxog qrw eh uhjdughg dv dq xqlpsruwdqw surfhgxudo ghwdlo1
Dv iru wkh Vkdihu h{dpsoh/ qhlwkhu ri wkh wzr surfhgxuhv vxssruwv wkh QWX
ydoxh1
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